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Abstract

This paper reports on the ﬁrst implementation of an integrated programmable hybrid phononic
crystal (hPC) for wave propagation control. At the core of the novel hPC is a newly developed
and tested miniaturized array of virtual ﬂoating inductances with programmable properties. The
inductance is the building block for a discrete programmable electrical transmission line aimed at
wave propagation control in a 1D hPC. The hybrid characteristic is the result of the coupling
between a mechanical waveguide in the form of an elastic beam, and an electrical transmission
line. The medium features attenuation of mechanical wave motion due to an energy transfer to
the electrical domain. Over the frequency range of wave attenuation the dispersion curves of the
hPC are characterized by eigenvalue mode veering. An analytical model, based on the transfer
matrix method is presented, to expeditiously calculate the dispersion curves of the hPC.
Furthermore, this paper provides numerical and experimental transmittance results which
validate the efﬁciency and tunability of the programmable electrical transmission line. The
novelty of this contribution is an analytical model for calculating the dispersion curves of the 1D
hPC, and a miniaturized programmable virtual inductance which gives way to a ‘smart’ material.
Keywords: piezoelectric, electrical transmission line, programmable, virtual inductance, wave
propagation, dispersion
(Some ﬁgures may appear in colour only in the online journal)
piezoelectric shunts have been also investigated [4–6]. The
effect of interconnected piezoelectric elements on the
dynamic behavior of a structure, as well as the synthesis of
analog circuits, to control multi-modal vibration damping has
been explored, namely by dell’Isola et al [6–9]. While the
different reported conﬁgurations of passive shunts achieve
their objective of producing frequency regions of high
attenuation or reducing the amplitude of speciﬁc modes, the

1. Introduction
Increased interest has emerged in attenuation of mechanical
vibrations by controlling elastic waves with periodic
arrangements of piezoelectric shunts. Most of the past studies
with passive shunts have focused on reduction of structural
vibrations with arrays of locally shunted piezoelectric elements [1–3]. To a lesser extent, schemes with interconnected
0964-1726/17/067001+09$33.00
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Table 1. List of components of PFVI.

Table 2. Electrical characteristics of PFVI.

Quantity

Name

Value

Packaging

Parameter

5
1
1
2
1
3
3
1
1
1
1

C1, C2, C3, C6, C7
C4
C5
C8, C9
IC1
R1, R5, R6
R2 , R3, R4
R7
X1
X2
X3

100 nF
10 nF
1 nF
10 μF/25 V
AD5290
100 Ω
3.9 kΩ
360 Ω
AD8034
AD8033
NC7WZ16P6

0402 SMD
0402 SMD
0402 SMD
0603 SMD
MSOP-10
0402 SMD
0402 SMD
0402 SMD
SOT-23/8
SC70-5
SC70-6

Analog supply voltage
Digital supply voltage
Analog supply current
Digital supply current
Power
Input voltage
Input current
Output voltage
Output current
Bandwidth
Quality
Tolerance

electrical components which have enabled such shunts have
remained relatively rudimentary, i.e.: difﬁcult to tune, too
large to integrate as part of the structure [10]. This paper
reports on the design, fabrication and testing of an integrated
1D hybrid phononic crystal (hPC) with a unit cell comprised
of miniaturized programmable ﬂoating virtual inductance
(PFVI) for wave propagation control. The hybrid term results
from coupling between a mechanical waveguide in the form
of an elastic beam, and the electrical transmission line formed
from interconnecting multiple PFVI.
Bandgaps in phononic crystals (PCs) emerge from periodic modulations of mass density and/or elastic constants
[11, 12] of the material resulting from the basis of the crystal
(e.g. diatomic materials [13]). Such band gaps exist for
wavelengths on the order of the unit cell size. Conversely, in
metamaterials (MM), the inclusion of suitably designed
locally resonating units allow for the sub-wavelength modiﬁcation of the dispersive properties of a medium, as reported
by Liu, amongst others, in the mechanical domain [14]. In
both PCs and MMs, waves propagate through a mechanical
medium and interact with ‘inclusions’ that either scatter them
to generate destructive interference at certain wavenumbers,
or that absorb and dissipate energy through local resonances.
In many of the reported materials, the nature of the inclusions
is purely mechanical [14–16]. In other cases, adaptive materials are exploited to modify the unit cell geometry [17], and
tune the properties of the locally resonating units [18–20] or
modify the connectivity of a PC [21]. In the latter cases, the
electrical domain of the unit cell is self-contained, exchanging
energy only with the mechanical domain of the unit cell, thus
acting as an inclusion in the mechanical medium. As a result,
the mechanical domain of the unit cell is the only pathway for
the exchange of energy between cells.
The work of Bergamini et al [4] showed that weak
coupling interaction between modes of mechanical and electrical waveguides can lead to wave attenuation, as a result of
an energy exchange between them. These mode interactions
can be classiﬁed into veering, crossing and lock-in as discussed by Mace et al [22].
Even though, the results of this paper build on an already
documented physical phenomenon for the control of elastic

Condition

MAX
MAX
MAX
MAX
MAX
RL > 10 Ω
Forward
Backward
L  2H
L> 2 H

Value
±12 V
5V
±15 mA
1 mA
365 mW
±10 V
±2 mA
±10 V
±2 mA
10 kHz
>50
<50
±150 mH
±70 mH

Figure 1. Analog circuit of PFVI.

waves, this work presents a technological bridge between
theory and practical implementation. The interconnected virtual inductances used in the work by Bergamini et al [4]
proved the physical phenomenon of controlling waves with a
1D hPC. However, the circuits were multiple times larger
than the unit cell, and could reliably simulate a limited range
of inductance values 0 H<L<1 H. These circuits also had
the disadvantage of being impractical for tunning as each one
had to be manually adjusted, by setting the resistance value of
a conventional potentiometer. The novelty of this contribution
is the development of a unit cell size PFVI, capable of
achieving inductance values two orders of magnitude greater
than real inductances of similar dimensions while ensuring a
stable transmission line formed by a daisy chain of PFVI
circuits. Moreover, each PFVI on the transmission line is
programmable by interfacing with a computer using the GUI
shown in ﬁgure 2. To the authors’ knowledge, this is the ﬁrst
time a programmable transmission line has been implemented
to control the propagation of mechanical waves. Lastly, an

2
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Figure 2. Illustration of interconnected circuits with corresponding input and output connections, as well as LabVIEW graphical user

interface (GUI) for programming of the inductances.

Figure 3. (a) LTSpice model of transmission line with ideal inductances. (b) LTspice model of transmission line with programmable ﬂoating

virtual inductances.

analytical model to calculate the dispersion curves the 1D
hPC is presented. The model is based on the transfer matrix
method, and is similar to the one presented by Ruzzene [23].
However, the model presented here accounts for the interconnection between the piezoelectric shunts.

quality factor and good stability. The circuit design was
implemented in surface mount technology (SMT), to ﬁt a unit
cell size 10 by 15 mm that was deemed appropriate based on
previous work. The electrical characteristics of the PFVI are
given in table 2. The analog circuit of the PFVI is depicted in
ﬁgure 1, and its component list is given in table 1.
The functionality of the PFVI was ﬁrst numerically tested
in LTSpice, by comparing ﬁve interconnected circuits to the
equivalent number of ideal inductances, ﬁgure 3. The
LTSpice simulations of the circuits, and ideal inductances
were then validated against experimental measurements as

2. Design of PFVI
For the development of the miniaturized PFVI we chose the
circuit designed by von Grunigen [24] based on its high
3
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voltages and current given in table 2 for operation. The circuit
was powered using an Agilent E3631A 80W triple output
power supply.
With the hardware in place, the next step was to implement the programmable capabilities. To this end the line was
design to interface with a computer using a National Instruments NI USB-8451 as seen in ﬁgure 8. The use of a serial
peripheral interface (SPI) allowed for programming of all the
circuits connected in a daisy chain. The SPI bus is a synchronous serial communication interface used for communicating over short distances. Using the SPI interface called
for four connections linking the computer to the programmable circuits. The interface starts communication by setting
the chip select (CS) line logic to zero. The data is clocked
through the serial shift registers in the daisy chain conﬁguration. The transfer is complete when all data values are
shifted and the CS line logic is set to one. The inductance of
all, or each individual PFVI can be set to any value between 1
and 22 H with the resolution given in table 2.
The quality in the production of the transmission line
comprised of 21 interconnected PFVI circuits, in particular
due to the difﬁculty of soldering of the SMT components, the
fabrication process was ensured by outsourcing to a commercial supplier. The 4 layer PFVI circuits were printed on a
0.9 mm PCB FR4 board.

Figure 4. (a) LTspice simulation measurements of a 5 unit cell

transmission line with ideal inductances. (b) LTspice simulation
measurements of a 5 unit cell transmission line with virtual
inductances. (c) Experimental measurements of a 5 unit cell
transmission line with virtual inductances.

3. Numerical calculation of the transmittance
For the numerical transmittance and dispersion studies, presented in the following sections, the host structure was made
of aluminum with Young’s Modulus Es = 69 GPa, density
rs = 2700 kg m−3, Poisson’s ratio n = 0.33 and thickness
ts = 1 mm. The material of the piezoelectric element was
PIC151 with the open circuit Young’s Modulus EpD =
77.4 GPa, density rp = 7760 kg m−3, compliance constant
SE11 = 1.5 × 10−11 m2 N−1, permittivity in the polarization
direction  T33  0 = 2400, coupling coefﬁcient k31 = 0.37.
The numerical transmittance calculation was carried out
with COMSOL Multiphysics. As seen in ﬁgure 5 we considered an aluminum beam with a thickness ts = 1 mm, width
b = 10 mm and a total length of LT = 480 mm. In the center
portion of the structure, an hPC with unit cell size,
a = 15 mm, was added, consisting of 20 unit cells positioned
between 90 and 395 mm from the origin, each had piezoelectric elements with radius r = 5 mm and thicknesses
tp = 0.5 mm. The superscript, s, refers to the substrate which
serves as the host structure, while the subscript, p, refers to
the piezoelectric element. Lastly, the inductive elements were
modeled using the electric circuit physics of COMSOL. The
inductances values were the same as those used in the calculation of the dispersion curves, in order to establish a direct
correlation between the dispersion curves and the transmittance of the hPC. The system was excited mechanically by a
discrete force F applied 7.5 mm from the origin, ﬁgure 5. The
steady state response of the system was calculated over the
frequency range of interest.

Figure 5. Overview and dimensions of the investigated ﬁnite hPC.

The dimensions a, tp, ts are detailed in the text.

Figure 6. Unit cell illustration showing the aluminum substrate, the
piezoelectric element, and electrical impedance separated into two
subregions (1 and 2).

seen in ﬁgure 4. It is important to note, that unlike a real
inductance the behavior of the circuit is not necessarily
symmetric since the input and output impedances are different. Hence, waves traveling from left-to-right and from rightto-left may not behave identically.
Since the a virtual inductance is also comprised of active
components, it requires a power source to provide the
4
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⎛ tp
⎞
dI
= - iwawxx ⎜ + z c⎟ - iwCp¢ V .
⎝2
⎠
dx

4. Transfer matrix inverse dispersion
The dispersion curves of the hPC were calculated using the
transfer matrix method [23]. The unit cell was divided into the
two subregions illustrated in ﬁgure 6. The modeling was based
on the Euler–Bernoulli beam theory. The ﬁrst subregion, with
length βa, consists of the aluminum substrate and the piezoelectric element. The second subregion, with length (1 − β)a, is
characterized by part of the substrate and the electrical impedance. The transfer matrices were computed separately for each
subregion. This dispersion model is two-dimensional, thus, for a
piezoelectric element with radius r = 5 mm, a unit cell of length
a = 15 mm, and an out-of-plane width, b = 10 mm, the coefﬁcient β = 0.52 was obtained.

Substituting wxx , obtained the bending stiffness equation (2),
into equation (6), we obtain equation (7).
⎛
⎛ tp
⎞
⎞2 ⎞
a2 ⎛⎜ t p
dI
= - iwawx ⎜ + z c⎟ - iwV ⎜Cp¢ +
+ zc ⎟ ⎟.
⎝2
⎠
⎠⎠
⎝
EI ⎝ 2
dx
(7 )

Equations (9) and (12) describe the constants m and Cp¢,
which are the mass and capacitance per unit length.
Equation (11), describes the coupling factor α, while the
bending stiffness of the bilayer beam is given by equation (8).
The bending stiffness was calculated by summing up the
contributions of the piezoelectric element, and the substrate,
considering their distance from the neutral axis, zc given by
equation (10), and utilizing the parallel axis theorem.

4.1. Modeling subregion 1

The system of equations, equations (1)–(6), for the ﬁrst
subregion are obtained from the force and moment equilibria
on the inﬁnitesimal element shown in ﬁgure 7, where: w is the
beam deﬂection, Mb is the bending moment, Q is the shear
force, V is the voltage, I is the current, and ω the angular
frequency. Harmonic excitation is assumed to simplify the
˙ = iw ().
time derivatives, ()

EI

⎡ 0
⎢
⎢ 0
⎢
- mw 2
B1 = ⎢
⎢ 0
⎢ 0
⎢
⎢ 0
⎣

(3 )

dMb
= -Q,
dx

(4 )

dV
= 0,
dx

(5 )

0
0

0
0
0
-iwa
EI

(

tp
2

0
EI
0
0
0
0

0
0
1
0
0
0

0
0
0
1
0
0

0
0
0
0
1
0

0
a

1

(

tp
2

)

0

+ zc

)

0
0
0

(

0 - iw Cp¢ +

a2
EI

(

tp
2

t p + ts

,

(10)
(11)

2
Cp¢ = (b t p)  T33 - d31
S E11.

(12)

⎡w⎤
⎢ wx ⎥
⎢Q⎥
z (x ) = ⎢ ⎥
⎢ Mb ⎥
⎢V ⎥
⎣ I ⎦

0 0
-1 0
0 0
+ zc

t2

Es 2s - Ep 2p

The coupled system of equations can be written in matrix
form, equation (13), where Ai and Bi are the coefﬁcient
matrices for the two subregions of the unit cell.

0⎤
0⎥
⎥
0⎥
0⎥
0⎥
1 ⎥⎦

0

(9 )

a = bd31 S E11,

Ai

⎡1
⎢0
⎢
A1 = ⎢ 0
⎢0
⎢0
⎢⎣ 0

0

zc =

(2 )

dQ
= - mw 2w ,
dx

1

m = b (ts rs + t p rp) ,

(1 )

⎛ tp
⎞
dwx
= EIwxx = Mb + aV ⎜ + z c⎟ ,
⎝
⎠
dx
2

⎡w⎤
⎢ wx ⎥
⎢Q⎥
z (x ) = ⎢ ⎥
⎢ Mb ⎥
⎢V ⎥
⎣ I ⎦

EI = Es Is + E p I p
⎛ ⎛ 3
⎛ bt 3
⎞⎞
⎞
bt
p
= b ⎜⎜Es ⎜ s + ts (ts - z c ) 2⎟ + E p ⎜⎜
+ t p (t p + z c ) 2⎟⎟ ⎟⎟,
⎠
⎝ 12
⎠⎠
⎝ ⎝ 12
(8 )

t2

dw
= wx ,
dx

(6 )

+ zc

5

))
2

0⎤
⎥
0⎥
⎥
0⎥
0⎥
0⎥
⎥
0⎥
⎦

d z (x )
= B i z (x ) ,
dx

⎡1
⎢0
⎢
A2 = ⎢ 0
⎢0
⎢0
⎢⎣ 0

⎡ 0
⎢ 0
⎢
2
⎢- mw
B2 = ⎢ 0
⎢ 0
⎢
⎢⎣ 0

0
EI
0
0
0
0

(13)

0
0
0
1
0
0

0
0
0
0
1
0

1 0
0 0
0 0
0 -1
0 0

0
1
0
0
0

0

0
0
1
0
0
0

0

0⎤
0⎥
⎥
0⎥
0⎥
0⎥
1 ⎥⎦

⎤
⎥
⎥
⎥
⎥
iwL + R ⎥
(1 - b ) a ⎥
0 0
1 ⎥⎦
0
0
0
0
0

0
0
0
0
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By inverting A1 and A2 the ﬁnal form of the system is
given by equation (23).
1
C1 = A1 B1

1
C2 = A2 B2 .

(23)

Using the matrix exponential, equation (24) is obtained
T1 = e a (b ) C 1

T2 = e a (1 - b ) C 2 .

(24)

The unit cell transfer matrix is then deﬁned by equation (25).
T = T2 T1.

The transfer matrix describes the relation between the
status vector z (x ) at the beginning, and at the end of the cell
z (x + a ).

Figure 7. Force and moment equilibria on the inﬁnitesimal element

z (x + a) = Tz (x ) .

of bilayer beam (substrate and piezoelectric).

Even though the second subregion has no electromechanical
coupling, energy can travel along the electrical and mechanical waveguides. The electrical waveguide is characterized by
the distributed impedance Z ¢, where L and R represent the
inductance and resistance, respectively.
Z
i wL + R
=
.
(1 - b ) a
(1 - b ) a

(16)

with l (k ) = e-iak ,
ln (l)
k (w ) =
.
- ia

(30)
(31)

5. Experimental setup
The PFVI was designed with a conductive metal pad to interface with the electrode of the piezoelectric element to form an
electromechanical entity. Since, this ﬁrst array of interconnected
PFVI was intended as a test bench it was printed on a standard
rigid FR4 PCB substrate. Although, the printed array of PFVI
only had a thickness of 0.9 mm, it was still sufﬁciently rigid to
act as an additional mechanical waveguide if directly interfaced
with the piezoelectric elements. Hence, the array of interconnected PFVI was connected to each piezoelectric element
with electrical wires as seen in ﬁgure 8.
We excited the structure using an additional piezoelectric
element attached approximately in the same position where the
discrete force was applied in the numerical model. The piezoelectric element was excited with a sine sweep spanning from
100 to 20 kHz, and an applied voltage amplitude of 10 VPP
using a high voltage power ampliﬁer. The out-of-plane velocity

(18)

dQ
= mw¨ ,
dx

(19)

dMb
= -Q.
dx

(20)

Without the piezoelectric element, the bending stiffness
and mass simplify to equations (21) and (22).

m = bts rs,

(29)

(17)

dwx
= EIwxx = Mb,
dx

EI = Es Is = Es b

(28)

T (w ) - l I = 0

The system of equations describing the mechanical
behavior of the second subregion, equations (17)–(20), can be
deduced from the ones of the ﬁrst subregion by setting the
piezoelectric element thickness to zero, tp = 0 .

EI

T (w ) z (x ) = z (x ) e-iak .

Combining equations (26) and (29) yields a standard
eigenvalue problem, equation (30). From the solution to the
eigenvalue problem, equation (31) is obtained yielding
the frequency dependent wavenumber. The real part of the
wavenumber portrays information on the propagation of the
wave while the imaginary part describes the attenuation. From
equation (31) the dispersion curves for the hPC are plotted
over the chosen frequency range.

Conversely, the distributed impedance will inﬂuence the
spatial derivative of the voltage.

dw
= wx ,
dx

(27)

(T (w ) - e-iak I) z (x ) = 0.

(15)

dV
i wL + R
I.
= - Z ¢I =
dx
(1 - b ) a

z (x + a) = z (x ) e-iak ,

Analogously, we can relate both ends to the unit cell
using the transfer matrix method, equation (26).

(14)

The current ﬂowing into the inﬁnitesimal element is the
same as the current ﬂowing out, leading to a null spatial
derivative of the current.
dI
= 0.
dx

(26)

The Bloch–Floquet theorem is used to compute the frequency
dependent wavenumber, k. This theorem relates z (x + a ) and
z (x ) through a periodic boundary condition which depends on
the wavenumber.

4.2. Modeling subregion 2

Z¢ =

(25)

ts3
,
12

(21)
(22)
6
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Figure 8. (a) Experimental array of PFVI connected to ﬁnite sample

Figure 10. (a) Dispersion monoatomic unit cell L = 3 H, with

of 1D hPC. (b) Close up of one PFVI, compared to a solid resistor.
(c) Experimental setup of 1D hPC, and computer for programming
array of PFVI.

eigenvalue veering between the transverse mechanical and electrical
modes. (b) Experimental transmittance (solid line), and numerical
transmittance (dotted line) for ﬁnite hPC with monoatomic
conﬁguration L = 3 H.

Figure 9. (a) Dispersion monoatomic unit cell L = 1 H, with
Figure 11. (a) Dispersion diatomic unit cell L1 = 1 H and
L2 = 1.5 H, with eigenvalue veering between the transverse
mechanical and electrical modes. (b) Experimental transmittance
(solid line), and numerical transmittance (dotted line) for ﬁnite hPC
with diatomic conﬁguration L1 = 1 H and L2 = 1.5 H.

eigenvalue veering between the transverse mechanical and electrical
modes. (b) Experimental transmittance (solid line), and numerical
transmittance (dotted line) for ﬁnite hPC with monoatomic
conﬁguration L = 1 H.

on the surface of sample was measured using a Polytec PSV 400
scanning laser vibrometer. The transmission properties of the
hPC were calculated based on velocity amplitude averaged over
regions extending 100 mm on either side of the hPC. We carried
out a Fast Fourier transform of the time-domain data for the out
of plane velocity along the length of the sample to obtain the
frequency response. The numerical investigation was carried out
conceptually in the same way, except that the response of the
system was investigated directly in the frequency domain.

cells) unit cell conﬁguration, for two different inductance
values. In ﬁgures 9(a), 10(a) we can see that mode coupling
occurs in the form of veering. As expected veering occurs at a
lower frequency with increasing inductance value. Moreover,
in agreement with the work of Bergamini et al [4] ﬁgures 9(b)
and 10(b) show that the regions of low transmittance are
centered around the frequency of the mode veering. Moreover, the experimental transmittance curves (solid blue) are in
good agreement with the numerical transmittance results
obtained from COMSOL (solid red line) in both the frequency
range of attenuation as well as the amplitude.
To further exploit the control of elastic waves utilizing
the potential to program the individual inductances of the

6. Results and discussion
Figures 9 and 10 show the dispersion and transmittance
curves of the monoatomic (single inductance value across all
7
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hPC, a diatomic unit cell conﬁguration with alternating
inductance values L1 = 1 H and L2 = 1.5 H was investigated
and shown in ﬁgure 11. Just as for the monoatomic conﬁguration, the analytical dispersion curves show the presence of
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These results indicate that varying the parameters of the
electrical domain has a paramount effect on the mechanical
properties of the hPC. Furthermore, the potential to instantaneously and accurately retune the electrical parameters, thus
reconﬁgure the hPC, gives way to a versatile lightweight
‘smart’ material for wave attenuation.
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